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Introduction

m Use case: Cholesky factorization
M x M tiles symmetric definite positive matrix A — compute L such that A=L-LT

m dense matrices: identical tile size and homogeneous workload

m distributed execution using P identical nodes

Communications in distributed settings
m they are a bottleneck for the execution = reducing them improves performance

m promising solution using symmetry of the input: Symmetric Block Cyclic (SBC)

Objective
m design data distributions that reduce the overall volume of communication

m extend SBC solution tailored for symmetric case to any number of nodes

v
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Communication Scheme in Distributed Cholesky

. iteration 4

m Dominant part of the communication:
TRSM output — GEMM input.

m Symmetry of A = as many transfers as
different nodes in the union of a row
and column.

POTRF

m [he union of row and column of same
index: ColRow.

m Criterion for communication reduction:
number of different nodes in ColRow:
for i € {1,..., M}, it is denoted z;.

TRSM
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Communication Scheme in Distributed Cholesky

. iteration 4
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Communication Cost of Pattern-based Distributions

Square pattern = matching ColRow in
A the matrix and the pattern.
0 v
3|4
8 7 g 5 At iteration k:

Pattern: 1215134 m pattern replicated vertically =K times
g T % 8 L g 8 L g 0 M m each node in column k broadcasts to
61718 3415131415134 all other nodes in its ColRow
— ol7]|8l6lr]8]6l7]8 _

r ORI Iol2]0 = frcomm = (M — k)(; X7z — 1)
314151314]513]4]513]4
olrlglol7]|8lel7I8]l6l718 —
Total volume of communication:
ColRow 5 0 M(M+ 1) ( 1 i 1)
= — — Z: _
Figure: 2D BC distribution using P = 9 nodes. 2 r . !
=]
size of A ~— _
pattern comm cost: z
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Communication Cost of Pattern-based Distributions

Square pattern = matching ColRow in
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Pattern:  F171513[4 m pattern replicated vertically =K times
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Communication Cost of Pattern-based Distributions

Q only depends on the pattern

A
5 communication cost (i.e. “average
3[4 number of different nodes per ColRow *)
6]7]8 .
. [01]2]0 1
Pattern: 3 fl' 51314 == Z]
At 6l718]617]8 M )
18 314151314 151514 Objective: minimize it.
——  [el7I8le[7I8l6l7]8 ! )
Of1]2]o]1]2]of1[2]0
g f} g g f} g f; g g 171 3 Symmetric patterns are good candidates:
ColRow 7 same nodes on rows and columns. )
Figure: 2D BC distribution using P = 9 nodes. Constraint: pattern must be balanced (each
node appears the same number of times)
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BC and SBC Communication Cost

2D BC pattern (P =9):

Eli2lf r=3(=vP)
3[4

2 #nodes in ColRow 2: 2D Block Cyclic (BC)
6f7]8 5(= 2v/P — 1) m balanced: each node appears once
m size r = /P (smallest possible with P)
SBC basic pattern (P = 8): m communication cost: Z=2r —1=2vP —1
1311 = 4 (= V2VP) Symmetric Block Cyclic (SBC)
71214
142165 #nodes in ColRow 2:
3[4]5]7 4 (=V2VP)
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BC and SBC Communication Cost

2D BC pattern (P =9):

2D Block Cyclic (BC)
Eli2lf r=3(=vP)
314

5 z=2VP—-1

#nodes in ColRow 2:

67|83 =
5(=2VP—1) Symmetric Block Cyclic (SBC)

" @ nodes below diagonal

SBC basic pattern (P = 8): )
m 5 nodes on the diagonal = P = =

113]|Tr=4((=v2VP) m balanced: each node appears 2 times
712]4 m smallest symmetric version (larger than BC)
12]6]5 ##nodes in ColRow 2: ® communication cost: Z = r = v/2v/P
3[4]5]7 4 (=V2VP)
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BC and SBC Communication Cost

2D BC pattern (P =9):

Eli2lf r=3(=vP) 2D Block Cyclic (BC)
31415 #nodes in ColRow 2: z=2vP—1
o718 5(=2vP—1)

SBC basic pattern (P = 8): 5= 2P
? L3 r=4(=V2VP) For Cholesky, SBC asymptotically generates a
71214 ) factor of \/2 fewer communications than BC. J
142165 #nodes in ColRow 2:
3f4]5]7 4 (= V2VP)
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SBC extended version

— . 2
uses P = % nodes instead of %

Variant 1:

allocate diagonal to nodes in the ColRow
= pattern variants

m alternate pattern variants in the matrix
— global balancing
m communication cost: Z =r — 1~ 2P
Variant 2:
LJO0]1]3]6 110]1]3]6
o .J2]14]7 0l41214]|7
1121 ,15]8 1121858
314]151L |9 3(4151319
678191 6[7]18]|9]|7
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SBC Performance
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Distribution
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SBC Limitations

Communication cost a factor v/2 higher J

Not available for any P than theoretical bound.

SBC 301 . ’ i PR
r | basic (P = ;) ‘ extended (P = @) .= _. '-_!-__-:-,-':'.
3 - 3 g - Lok et
; 5 6 £ T T
£ "oa " fwamls 2P-1 L.u
5 10 8 - L] .I-..-’. A - X‘A. -
6 18 15 c Tl P
7 _ 21 % 104 [ ] L] 'Ax-‘"‘l ---------------- '\/E
8 32 28 n L
9 - 36 =
10 50 45 ! ! ! ; .
0 50 100 150 200
. Number of nodes
= What to do with P = 357
Pattern = 2DBC 4 SBC TBC
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Greedy ColRow & Matching (GCR&M)

Input: pattern size 7, number of nodes P

m look for larger symmetric pattern

® minimize Z under constraint of almost
perfect balancing (excluding diagonal)

m diagonal positions unallocated — used
to compensate imbalance

GCR&M algorithm

Output: symmetric square pattern
Two steps:
@ associate each position <> subset of
possible nodes (greedy procedure)
@ allocate each pattern position to a
node (matching)

g
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Greedy ColRow & Matching (GCR&M)

. + covered position GCR&M algorithm - step 1
Throughout the execution, maintain:
F m set of uncovered pattern positions: U

(init. all positions, U = {1,...,r}?)

m for each node p, the set of ColRow in
CRs which p can appear: A[p]
While U # 0:
(a) select the least loaded node p
CRs (b) assign to p the ColRow which
maximize newly covered positions
CRio (c) update U

“Reverse" A: each position <> subset of
nodes
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Greedy ColRow & Matching (GCR&M)

. : covered position

Throughout the execution, maintain:

F

m set of uncovered pattern positions: U

CR3

CRs

CRs

CR1o

(init. all positions, U = {1,...,r}?)
m for each node p, the set of ColRow in
which p can appear: A[p]

While U # 0

(a) select the least loaded node p

(b) assign to p the ColRow which
maximize newly covered positions

(c) update U

“Reverse" A: each position <> subset of

CR {1,3,4,6,9} cover 4 new positions nodes

Beaumont, Collin, Eyraud-Dubois, Vérité

GCR&M algorithm - step 1
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Greedy ColRow & Matching (GCR&M)

. + covered position GCR&M algorithm - step 1

Throughout the execution, maintain:

m set of uncovered pattern positions: U
(init. all positions, U = {1,...,r}?)
m for each node p, the set of ColRow in
which p can appear: A[p]
While U # :

(a) select the least loaded node p

CR»

CRs

CR (b) assign to p the ColRow which

maximize newly covered positions
(c) update U

“Reverse" A: each position <> subset of
CR {2,7} cover 6 new positions nodes

CR1o
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Greedy ColRow & Matching (GCR&M)

Positions

node 1

node P

GCR&M algorithm - step 2

Association position <> possible nodes:
bipartite graph

m Build an allocation by finding a
maximum cardinality matching in two
successive versions of the graph:

(a) using k = Lr(r—FTI)J replications of
each node — ensure balancing
(b) using 1 replication for each node

m Remaining unallocated positions —

assign to the least loaded possible node
v

14 /18
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Greedy ColRow & Matching (GCR&M)

node 1 GCR&M algorithm - step 2

node 2 A.ssoci-ation position <> possible nodes:
bipartite graph

Positions

node 3 m Build an allocation by finding a

node 4 maximum cardinality matching in two

successive versions of the graph:
node 5 ) r(r—1) .
(a) using k = | =5—] replications of

node 6 each node — ensure balancing
(b) using 1 replication for each node

m Remaining unallocated positions —

node P assign to the least loaded possible node
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Experimental Results: P = 31
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Experimental Results: P = 35
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Experimental Results: P = 39
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Experimental Results: P = 23
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Conclusion and Perspectives

304

Achievements

204

m GCR&M easy and fast

m can provide patterns for any P
“offline *

Pattern comm. cost

m achieve as good performance as
SBC or better in most case

m allows to make efficient use of

any number of resources 0 50 100 150 200
v

Number of nodes

Pattern = 2DBC 4 SBC + GCRM
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Conclusion and Perspectives

Where \/gx/P comes from? 301
‘ r N B
< ? o
e ©
oL o £ 207
IS
o
(&)
R =
CR: [@ o | -
8 10+
CRs @] |©&
£ 2
In such a configuration: 0 50 100 150 200
#positions = 6P = r ~ /6P Number of nodes

thus: z =7 =~ \/gx/ﬁ

Pattern = 2DBC 4 SBC + GCRM
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Conclusion and Perspectives

GCR&M solution for P = 35:

22]27}30] 5
11131}16]16)
10§31J24432
10§12] 3 J14]
344 4]10]14
25|13}13] 5
26]26]28]32

27]11]24]18} 9 J20}18}20
301 611710891254 6 |17
22]11]10]10§34]25}26}22
27131]31}12] 4 J13}26}12
30416424} 3 | 0 J13]28]28|
5 |16432]14]14] 5132} 7 J29

11§27§24429

r =15 ~ V6P(~ 14.491)
and z =7.4 = 5(=17.5)

Pattern comm. cost

304

204

0 50 100 150 200
Number of nodes

Pattern = 2DBC 4 SBC + GCRM
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Conclusion and Perspectives

m GCR&M algorithm is complicated -
m provide a “database‘ of

communication-efficient patterns
for any P

m better theoretical foundation:
how to choose r

m further study of the effect of local m connect the underlying

|mbalanFe . combinatorial problem with
= modify the greedy allocation of the 2 nc
. existing references
diagonal )
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Thank you for your attention

Questions?
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